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Abstract: We propose an analogue of the Ryu-Takayanagi formula for holographic en-
tanglement entropy applicable to non-relativistic holographic dualities involving Horˇava
gravity. This is a powerful tool for the duality to have, as topological order quantified
by entanglement entropy is a robust notion in condensed matter systems. Our derivation
makes use of examining on-shell gravitational actions on conical spacetimes.
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1 Introduction
Entanglement entropy is a universal property of systems described by a Hilbert space [1].
Given a state |Ψ〉 in the Hilbert space, and a partition of a complete set of observables into
two subsystems, say A and B, one can define the reduced density matrix of A by tracing
over a basis for B:
ρA ≡ TrB|Ψ〉〈Ψ|. (1.1)
The entanglement entropy of subsystem A, SA, is defined as the von Neumann entropy of
this density matrix:
SA ≡ −TrAρˆA log ρˆA, (1.2)
where the trace is now over a basis of states in A, and ρˆA ≡ ρA/TrAρA to properly normalize
the reduced density matrix. The entanglement entropy measures the degree to which
the state described by ρA is mixed, and, as such, it quantifies the entanglement between
the two subsystems A and B. If the total state is a product state over the subsystems,
|Ψ〉 = |ΨA〉|ΨB〉, then the entanglement entropy vanishes, otherwise it is greater than zero.
Entanglement entropy is an important observable as it is defined for all quantum
systems, regardless of details such as interactions or symmetries1. It therefore has a wide
range of application from condensed matter systems to quantum field theory. In particular,
it has been proposed as an order parameter for phase transitions that lack any traditional
local order parameter [3, 4]. Situations include quantum critical points, as the entanglement
entropy does not vanish at zero temperature, and topological phases, as the entropy is a
measure of non-local entanglement that local correlation functions fail to see. An example
is the topological order seen in the fractional quantum Hall effect.
In many applications, the subsystems A and B are chosen to be complementary spatial
subregions of the full system. In most cases, the entanglement entropy then obeys an “area
law”, that is, its leading contribution is proportional to the volume of the boundary of the
region A, ∂A [5]:
SA = γArea(∂A) + · · · , (1.3)
where γ is a non-universal UV divergent coefficient, and · · · indicate subleading terms,
including finite universal contributions. The form of Eq. (1.3) bears a striking resemblance
to the entropy of a black hole in general relativity (GR) [6]:
SBH =
AH
4GN
, (1.4)
where AH is the area of the event horizon, and GN is Newton’s gravitational constant.
Indeed, a connection between these notions of entropy is found within gauge/gravity du-
ality [7]: for a holographic quantum system at the boundary of its dual spacetime, the
1This does not mean it is easy to calculate. For example, difficulties arise when gauge symmetries are
involved [2].
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Figure 1: Holographic calculation of entanglement entropy for the spatial region A
(dashed, blue) of the boundary spacetime (gray) is given by the area of a bulk surface
A˜ (dashed, red).
entanglement entropy of its spatial subregion A is given by GR as [8]:
SA =
Area(A˜)
4GN
, (1.5)
where A˜ is the minimal area surface in the bulk spacetime that shares the boundary
of A, ∂A˜ = ∂A. See Figure 1 for an illustration of the situation. Such holographic
calculations of the entanglement entropy have been precisely checked against quantum
mechanical derivations, when available, and have yielded new predictions otherwise [9].
The current paper aims to propose a formula analogous to Eq. (1.5) for use in non-
relativistic holography featuring Horˇava gravity [10]. The low energy regime of this duality
features a geometric gravitational theory of a spacetime equipped with an additional co-
dimension 1 foliation by a global time, which subsequently implies a more restrictive class of
diffeomorphism invariance than general relativity. This invariance can capture the generic
global symmetries of non-relativistic quantum field theories [11, 12] (and much of the recent
Newton-Cartan structure of [13, 14]) which motivated the holographic construction of [10].
Horˇava gravity is reviewed in Section 2. Many of the systems where entanglement entropy
has been proposed as a useful tool are non-relativistic, motivating the understanding of a
holographic implementation in Horˇava gravity.
Section 3 presents the logical underpinning of the conjectured entanglement entropy
formula, which follows [15, 16]. This involves the calculation of the euclidean Horˇava
gravity action on conical spaces, where we must be especially careful to avoid possible
complications in the euclideanization process. This argument leads to the proposal that
the entanglement entropy of a subregion A of a holographic non-relativistic quantum field
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theory is given by its Horˇava gravity dual as:
SHA =
√
1 + β
(
1− α
1 + β
)
Area(A˜)
4GH
=
s2
z
Area(A˜)
4GH
, (1.6)
where GH is the gravitational constant of Horˇava gravity, α and β are coupling constants,
and A˜ is the bulk spatial surface of minimal area at the same fixed global time as A (and
shares its boundary). The second equality expresses the bulk coupling constants physically
in terms of the speed of the spin-2 graviton s2 =
√
1 + β, and the dynamical critical
exponent z, α/(1 + β) = (z − 1)/z, which controls the anisotropic scaling of time versus
space in the non-relativistic field theory [17].
Section 3.2 contains the main justification for the proposal Eq. (1.6). The logic takes
advantage of the replica trick to calculate entanglement entropy and follows methods used
in general relativity [15, 16], reviewed in Section 3.1. The main calculation is of the
on-shell gravitational action on various conical spaces. The second piece of justification is
discussed in Section 3.3 and concerns exactly why A˜ is a minimal spatial surface. In general
relativity the holographic entanglement entropy Eq. (1.5) was originally proposed for static
spacetimes where A˜ is taken to be at a constant slice of Killing time. This restriction is
necessary on a Lorentzian manifold, as bending a surface into a light-like direction will
reduce its area. Later, Eq. (1.5) was presented in a covariant form [18], using the invariant
light cone structure of Lorentzian manifolds. For Horˇava gravity, no such structure exists,
as there is no longer a finite limiting speed. Instead, causality is enforced by the global
time foliation structure: signals can only propagate from one leaf in the foliation to another
at a later global time coordinate. Our “covariant” Horˇava proposal is therefore somewhat
simpler in this regard: possible A˜s to minimize over must be at a constant global time in
the bulk, fixed by the time of the boundary subregion A, and therefore Eq. (1.6) trivially
generalizes to time dependent states. As in the GR case [15, 16] A˜ is shown to be an
extremal surface due to the leading equations of motion near the near the tip of a conical
space.
Section 4 presents an example of Eq. (1.6). This first check uses the fact that for a ther-
mal state |ΨT 〉, the entanglement entropy of an infinitely large region tends to the thermal
entropy of the system, apart from the UV divergent area term. In the gauge/gravity set-
ting, this translates to the holographic entanglement entropy of an infinitely large boundary
region tending to the entropy of the black hole in the bulk spacetime. See Figure 2 for
illustration. A non-trivial check of the normalization of our proposed holographic entan-
glement entropy formula is that it reproduces this limiting value for the black hole solution
of Horˇava gravity of [17].
Section 5 contains another example making use of Eq. (1.6). Parallel to [19] we use
holographic entanglement entropy to check the universal behavior of the quantum informa-
tion contained in a field theory region, and its relation to the energy density. We find that
the required dimensionality of these quantities, as determined by non-relativistic scaling, is
correctly captured in our proposal for holographic entanglement entropy in Horˇava gravity.
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Figure 2: A bulk spacetime with a black hole. The entanglement entropy of the small
solid blue boundary region is given by the solid red bulk surface, which is barely influenced
by the black hole. For the larger blue boundary region (solid and dashed) its corresponding
bulk surface (red, dashed) hugs the black hole horizon, giving a thermal contribution.
2 Horˇava gravity and a black hole
Horˇava gravity [20] is a proposed quantum theory of gravity. Its low energy behavior can
be written in terms of the ADM decomposition of a spacetime metric:
gMN =
(
−N2 +NKNK NI
NJ GJI
)
, (2.1)
where GIJ is a spatial metric on leaves of a foliation by global time t, the lapse N gives
the normal distance between leaves, while the shift NI relates events with the same spatial
coordinates, but on different leaves. All spatial indices I, J, · · · are lowered and raised with
the spatial metric GIJ and its inverse. In terms of these fields the extrinsic curvature of
the leaves of the foliation is:
KIJ ≡ 1
2N
(∂tGIJ −∇INJ −∇JNI) , (2.2)
while the two derivative Horˇava action is:
SH = κ
∫
dtdrddxN
√
G
(
KIJK
IJ − (1 + λ)K2 + (1 + β)(R− 2Λ) + α∇IN∇
IN
N2
)
(2.3)
where: K ≡ KII ; the spatial metric has determinant G, Ricci scalar curvature R, and
associated covariant derivative ∇I ; Λ is a cosmological constant; and κ ≡ 1/(16piGH)
for GH the Horˇava gravitational constant, while α, β, and λ are dimensionless coupling
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constants. The action Eq. (2.3) has spatial diffeomorphisms, xI → x˜I(t, xJ), and temporal
reparametrizations, t→ t˜(t), as its gauge symmetries.
The action Eq. (2.3) describes the dynamics of spin-2 and spin-0 graviton modes. By
examining linear perturbations about the flat background GIJ = δIJ , NI = 0, and N = 1,
these modes are seen to have the speeds squared:
s22 = 1 + β, s
2
0 =
λ(1 + β) (d(1 + β)− (d− 1)α)
α ((d+ 1)λ+ d)
, (2.4)
The full quantum Horˇava action includes all higher derivative terms allowed by sym-
metries that are relevant [20]. Holographically, working with just the classical low energy
action Eq. (2.3) means that the dual quantum field theory is in a regime with strong
coupling and a large number of degrees of freedom.
In four spacetime dimensions, with a cosmological constant2 Λ = −3 and the coupling
α = 0 there is a black hole solution to the theory Eq. (2.3), given by [17]:
GIJ =

r6h
r2(r3h−r3)2
0 0
0 1
r2
0
0 0 1
r2
 , NI = (√1 + βr
r3h − r3
, 0, 0
)
, N =
r3h − r3
r3hr
. (2.5)
This solution has an asymptotic boundary as the radial coordinate r → 0, where the
corresponding spacetime metric Eq. (2.1) is that of Anti-de Sitter. There is a causal
“universal horizon” at r = rh, from which behind no signals can propagate to the boundary,
no matter their speed. See [17] for full details regarding interpreting the solution Eq. (2.5)
as a black hole of Horˇava gravity. Its energy density, temperature, and entropy density are
given by:
BH =
1 + β
4piGHr3h
, TBH =
3
√
1 + β
2pirh
, sBH =
√
1 + β
4GHr2h
, (2.6)
respectively.
It will prove useful to recast Horˇava gravity in a fully spacetime covariant form in order
to use the arguments of [15, 16] concerning holographic entanglement entropy. This can
be accomplished by its relation to Einstein-aether theory [21, 22]. Consider the action of
a spacetime metric gMN and unit time-like “aether” vector uM :
SAE =
1
16piGAE
∫
dtdrddx
√−g
(
R˜ −2Λ− c2
(
∇˜MuM
)2
− c3∇˜MuN∇˜NuM + c4uM∇˜MuNuP ∇˜PuN
)
, (2.7)
where gMN has determinant g, Ricci scalar R˜, and associated covariant derivative ∇˜M ;
GAE is a gravitational constant, and ci are dimensionless coupling constants
3. The action
2This is in units of the curvature radius L, which we set to 1.
3The c1 coupling constant of Einstein-aether theory has been set to 0 as u[N∇˜PuQ] = 0 since the aether
vector will be assumed to be hypersurface orthogonal for application to Horˇava gravity [22].
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Eq. (2.7) has the full spacetime diffeomorphism invariance of general relativity. To relate to
Horˇava gravity, one demands that uM is hypersurface orthogonal, and then partially fixes
the coordinate invariance by performing a temporal diffeomorphism so that uM has only
a time component. Then, decomposing the spacetime metric gMN into the ADM fields of
Eq. (2.1), one has uM = −Nδ tM , and the Einstein-aether action Eq. (2.7) becomes (up to
total derivatives) the Horˇava action Eq. (2.3) once the constants are identified as:
GH
GAE
= 1 + β =
1
1− c3 , 1 + λ =
1 + c2
1− c3 , α =
c4
1− c3 . (2.8)
The black hole solution Eq. (2.5) is therefore a solution to Einstein-aether theory with
Λ = −3 and c4 = 0.
A property of the Einstein-aether formalism that will prove useful is that the action
Eq. (2.7) has a field redefinition invariance [23]. For the redefined metric and aether vector:
gˆMN ≡ gMN − (σ − 1)uMuN , uˆM ≡ uM/
√
σ, (2.9)
with σ > 0, the action Eq. (2.7) retains its form in terms of these hatted fields, but with
GˆAE =
√
σGAE and new coupling constants cˆi, given explicitly in terms of ci and σ in [23]
4.
In particular, for σ equal to the spin-2 graviton speed squared, s22 = 1 + β = 1/(1 − c3),
cˆ3 = 0 and the redefined metric gˆMN is an effective metric such that the sound horizon for
the spin-2 modes is now a Killing horizon. For the Horˇava action Eq. (2.3) this is equivalent
to the invariance: N → N/√1 + β, α→ (1 + β)α, and GH → GH
√
1 + β.
These redefinitions are useful as they help clarify some subtleties concerning units.
Recall that the graviton speeds Eq. (2.4) are derived by examining fluctuations about the
Minkowski vacuum ηMN . Therefore the dimensionless speed s2 =
√
1 + β is being expressed
as a multiple of the unit null speed of the Minkowski metric, which has no special meaning
in Horˇava gravity, it simply converts units of time into units of space. We can physically
simplify the situation by choosing time units such that the spin-2 graviton has speed 1,
this is equivalent to the field redefinition of the previous paragraph. We can always do this,
as long as there is no additional field content in the theory, which would fix a preferred
gˆMN by its coupling. Therefore, from now on our action is Eq. (2.7) with c3 = 0 and
GAE = GH/
√
1 + β.
3 Holographic non-relativistic entanglement entropy
The following sections build up justification for the proposed Eq. (1.6) for holographic non-
relativistic entanglement entropy. Section 3.1 may be skipped by those with experience
deriving Eq. (1.5) in traditional holography.
3.1 Replica trick in general relativity
Evidence for the formula Eq. (1.5) in general relativity was presented in [15, 16, 24] and
takes advantage of what is known as the “replica trick”. This calculational tool is often
4A generic transformation will generate a cˆ1 term, but this can again be set to zero as uˆM is still
hypersurface orthogonal.
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M(a)
(b) (c) (d)
Figure 3: (a) A spacetime M with the spatial region A, in red. (b)-(d) The replica
spacetime Mn is created from n copies of M by cutting along A and gluing cyclically. As
we go counterclockwise from above the cut to below it (red to yellow on (b)) we emerge
on the next sheet (the yellow of (c)). This process is repeated n times, while identifying
the bottom of the final cut (blue of (d)) with the top of the first (red of (b)) computes the
trace in the partition function.
used in field theoretic derivations of the entanglement entropy and takes advantage of the
identity involving Eq. (1.2):
SA = −TrAρˆA log ρˆA = −n ∂
∂n
(log TrAρ
n
A − n log TrAρA)
∣∣
n=1
. (3.1)
In order to calculate the density matrix product, the replica trick uses the fact that the path
integral calculation of TrAρ
n
A is formally equivalent to the euclidean partition function on
an n-sheeted Riemann surfaceMn made by gluing together copies of the original manifold
M cut along the surface A as in Figure 3. See, for example, [9] for more details.
To holographically calculate the entanglement entropy, this logic is extended to the
gravitational bulk [15, 24]. To calculate the n-sheeted partition function, one can relate it to
the on-shell euclidean gravitational action IEGR on a bulk spacetime M˜n whose asymptotic
boundary is conformal to Mn. Although the construction of M˜n for general n remains to
be fully understood, near the limit n ≈ 1 required for the entanglement entropy calculation,
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Figure 4: The first term is the correct smooth solution for replica spacetime n, the last
term is the n = 1 solution, but with time extent 2pin, and therefore has a conical singularity.
These two terms can compute the partition functions of Eq. (3.1). The middle two terms
are regulated versions of the cone. For n ≈ 1, the two terms of the first line cancel, as the
regulated cone is a first order variation away from the true n solution. The two terms of
the bottom line only give a contribution from the tip of the regulated cone, and are the
terms used to compute Eq. (3.2).
the formula Eq. (3.1) can be expressed as [15]:
SA = −n ∂
∂n
(−IEGR(n, reg) + IEGR(n, cone)) ∣∣n=1, (3.2)
where: IEGR(n, cone) is the euclidean general relativity action evaluated on the solution
M˜n=1, except that the euclidean time is integrated to 2pin, and therefore the space is a
cone with surplus angle 2pi(n − 1); IEGR(n, reg) is the euclidean general relativity action
evaluated on a regularized version of this cone. Figure 4 illustrates the equivalence of
Eq. (3.1) and Eq. (3.2) for n ≈ 1, see [15] for further details.
In comparing the euclidean GR actions of the cone and the regularized cone, the only
surviving contribution comes from the tip of the regularized cone due to the fact that on
such a space the curvature integral gives:∫
dr
√
gR = 2(1− n) +O((n− 1)2, a), (3.3)
where r is a coordinate away from the cone tip, O((n − 1)2) indicates higher order terms
for n ≈ 1, and O(a) indicates terms that vanish as the regularization of the cone is taken
away. Finally, we see that Eq. (3.2) becomes Eq. (1.5) for the holographic entanglement
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entropy:
SA = − n
16piGN
∂
∂n
(∫ 2pin
0
dτ
∫
dxd2(1− n)
) ∣∣
n=1
=
Area(A˜)
4GN
, (3.4)
where A˜ is the bulk surface tangential to the tip of the regularized cone. This can also be
calculated from the boundary contributions from a conical spacetime [15], both of which
we do for Horˇava gravity in the next section. The fact that the area of A˜ is minimal is due
to the leading order Einstein’s equations [15].
As presented, these arguments are most rigorous for static spacetimes where there is
no impediment to euclideanization and the path integral calculation of the density matrix
is a sensible procedure. Covariantization of these arguments to general time dependent
spacetimes was carried out for GR in [16]. In the following sections we will see that for
Horˇava gravity the general form of holographic entanglement entropy is much simpler to
justify.
3.2 Replica trick in Einstein-aether
For Einstein-aether gravity a similar argument as presented in the last section can be
attempted. Now that the theory content contains a vector we must understand its trans-
formation in the euclideanization process. This can be determined by expressing the aether
vector in terms of a scalar field, of which it is the gradient. In this context the scalar φ
is called the khronon [25, 26], as its level sets determine the foliation by a global time.
Taking into account normalization, the aether vector can be written as:
uM ≡ −∂Mφ√−gNP∂Nφ∂Pφ. (3.5)
Therefore, for standard euclideanization with t = −iτ we see that we require ut = −uEτ and
uI = iu
E
I , where the E subscript signifies euclidean objects. Since the khronon is identified
as a time coordinate we have defined φ ≡ −iφE5.
Given this prescription we can euclideanize the Einstein-aether action Eq. (2.7) and
use its value on conical spacetimes to calculate the entanglement entropy from Eq. (3.2).
The euclidean action has the signs of the c2 and c3 terms flipped, but all factors remain
real. Near the tip of a regularized cone with euclidean time extent 2pin the metric is:
ds2E = R
2dτ2 + n2dR2 + d~x2, (3.6)
where R is the distance from the origin. The Einstein-aether equations of motion determine
the aether vector to behave as:
uEM = (
√
R2 + (b/n)2, ib/R,~0), (3.7)
near the cone tip, where b is a constant. The cone space of Eq. (3.2) is these fields with
n = 1, but euclidean time extent still given by 2pin, while the regularized cone looks like
5This somewhat odd transformation does not change the result: φ ≡ φE gives the same euclidean action.
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Eq. (3.6) near its tip but becomes the n = 1 cone for larger R. Recalling the discussion of
choice of time units at the end of Section 2, we see that the Einstein-aether theory gives
the entanglement entropy by evaluating the actions of Eq. (3.2) as:
SHA =
(1− c4)
4GAE
Area(A˜) =
√
1 + β
4GH
(
1− α
1 + β
)
Area(A˜), (3.8)
where A˜ is the surface transverse to the cone tip.
We can confirm this value by repeating the calculation of the entanglement entropy SHA
via the method of boundary terms from apparent conical singularities [15]. This method
relies on the fact that due to the replica symmetry IE(n, 2pin) = nIE(n, 2pi) where IE(n, 2pi)
is the euclidean action evaluated with the smooth replica solution fields labeled by n, but
with time only integrated over a range of 2pi; it therefore appears to be the action of a
spacetime with a conical singularity. The replica formula for entanglement entropy Eq. (3.1)
then becomes [15]:
SA = n
2 ∂
∂n
IE(n, 2pi)|n=1. (3.9)
This derivative with respect to n can be considered a variation of the action. Since n = 1
is a solution, the bulk term of the variation, proportional to the equations of motion, will
vanish in the n = 1 limit. Therefore, there will only be a boundary term contribution at
the cone tip, as changing n changes the boundary conditions for the fields at the conical
singularity. For Einstein-aether theory this yields [27]:
SHA = −
1
8GAE
∫
R=0
ddx
√
g
(
gMNnP∇P ∂
∂n
gMN − nM∇N ∂
∂n
gMN +
∂
∂n
gMN
(
nPX
PMN − 2nPY PMuN
)
+ 2nMY
MN ∂
∂n
uN
)
, (3.10)
where nM is the unit normal to hypersurfaces of constant R, and we have defined the
aether dependent contributions:
ZMPNQ ≡ c2gMNgPQ + c3gMQgPN − c4uMuP gNQ, (3.11)
YMN ≡ ZMPNQ∇PuQ, (3.12)
XPMN ≡ Y P(MuN) − u(MY PN) + uPY(MN). (3.13)
Near the origin R = 0 of the replica spacetime the metric and aether vector behave as
Eq. (3.6) and Eq. (3.7), respectively. Plugging these fields into Eq. (3.10) and taking the
needed limits gives the same value for SHA as the regulated cone method, Eq. (3.8).
As in Section 3.1 these arguments are most rigorous when the spacetime is static.
Einstein-aether theory has the further complication that the vector aether field is present,
which allows the time direction determined by uM to be different than that determined
by the Killing time. Examining the form of uM near the cone tip Eq. (3.7), we see that
these two notions of time are only aligned when b = 0, and our calculation should only be
trusted for backgrounds in that regime. Luckily, our final answer Eq. (3.8) is independent
of b, so there is some hope that it extends to general backgrounds, a sentiment borne out
next section.
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3.3 The minimal nature of A˜
The calculations of the previous section give the value of the the non-relativistic holographic
entanglement entropy SHA in terms of the area of the surface A˜, transverse to the tip of the
cone. Those procedures do not tell us the full nature of this surface. By construction via
the replica trick, A˜ is anchored at the holographic boundary at the edges of A, the field
theory surface of which we are calculating the entanglement entropy. How it then extends
into the bulk spacetime is undetermined by the previous discussion.
In [16] it is argued, for Lorentzian general relativity, that for a given Cauchy slice of
the boundary containing A, A˜ must be in its Wheeler-DeWitt patch, as A˜ should be on
a bulk Cauchy slice that ends on the boundary one. Furthermore, in order to respect the
causality of the boundary, A˜ must not be in bulk causal contact with either the domain of
dependence of A, D[A], or that of its complement, D[Ac]. This narrows down the location
of the cone tip, A˜, but it is only fixed once the next order equations of motion are imposed
[15, 16], where it is seen to be extremal, agreeing with the covariant constructions of [18].
We can follow this logic in application to Horˇava gravity. The first interesting difference
is that for a generic non-relativistic field theory the domain of dependence of a spatial region
A is just the region itself, D[A] = A, since signals can travel with arbitrarily high speed.
For the bulk to respect the causality of the boundary, if A (and Ac) are at the global time
t∗, then the bulk surface A˜ must also be at the same fixed global time, otherwise it would
be in causal contact with e.g. D[A] via some fast bulk signal. This fact that the leaf of
the boundary foliation at t∗ can be uniquely extended into a bulk global time slice is much
simpler than in GR, and due to the reduced symmetries of Horˇava covariance. In fact, it
seems nonsensical to define a “surface” in Horˇava gravity to be anything but at a fixed
global time.
This narrows down A˜ to be a spatial surface at a fixed global time, to further classify it
we must apply the equations of motion to next order. Following the real-time constructions
of [16] the first order expansion of the metric away from A˜ is, in Rindler coordinates:
ds2 = −R2dT 2 + n2dR2 + (hij + 2RnCosh(T )Kxij + 2RnSinh(T )Ktmij )dxidxj , (3.14)
where hij is the metric on A˜ at R = 0, and K
x
ij and K
tm
ij are the extrinsic curvatures of A˜
in the Minkowski directions (tm, x). In these coordinates, the aether vector near R = 0 is:
uM = (−
√
R2 + (b/n)2, b/R,~0), (3.15)
for b a constant.
We can immediately see an issue when applying this situation to Horˇava gravity: the
Rindler time T is not a global time of the theory, as uM has no spatial components when
written in a global time. This means that if we examine the limit R → 0 while holding T
constant we will be jumping to different leaves of the global time foliation, while by above
we expect A˜ to reside on one leaf. To remedy this situation we can perform a temporal
diffeomorphism to a global time t ≡ T + h(R), where h(R) is determined to eliminate uR.
Near R = 0 this is solved by h(R) = −n logR. Figure 5 plots the foliation of the Rindler
wedge by this global time, from which it is easy to see that the origin A˜ is at t → ∞.
– 12 –
xtm
Figure 5: The foliation of the Rindler wedge, bounded by the dashed blue horizons, by
the global time, solid green lines.
We are now in a position to examine the equations of motion for the replica geometry
Eq. (3.14) for n ≈ 1 and R→ 0, t→∞6. For Einstein-aether theory we see that:
EOMs ∝ hij(Kxij +Ktmij )
et
R2
(n− 1), (3.16)
Therefore, as we go away from A˜ we require that the trace of the tm + x combination of
extrinsic curvatures vanishes. Examining Figure (5) it is apparent that near A˜ the tm + x
axis is a slice of constant global time t. The requirement hij(Kxij + K
tm
ij ) = 0 therefore
implies that in the leaf of constant global time A˜ is a minimal surface, justifying the claims
surrounding the formula for non-relativistic holographic entanglement entropy Eq. (1.6).
4 Entanglement entropy of a thermal state
As an example, and check, we will now calculate the entanglement entropy for an infinitely
long strip in the non-relativistic field theory dual to the Horˇava gravity black hole Eq. (2.5).
This boundary strip A will be at a constant time t∗, cover −l ≤ x ≤ l and have infinite
extent in the y-direction. To use the proposed holographic formula Eq. (3.8) we need to
calculate the area of a bulk spatial surface that shares the boundaries of A at x = ±l. This
two-surface A˜ is on the bulk leaf of global time labeled by t∗ and has a spatial profile given
by the embedding:
XI = (r, g(r), y), (4.1)
where r and y are used as parametrizing coordinates and g(r = 0) = ±l. The area
functional of A˜ is given by:
Area(A˜) =
∫
drdy
√
h, (4.2)
6Being fully covariant the equations of motion do not non-trivially depend on our coordinate system, we
simply find it easier to interpret the following constraint on the extrinsic curvatures in terms of the global
time t, rather than Rindler time T or Minkowski time tm.
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Figure 6: The boundary value g(r = 0) ≡ l, which is the half-width of the strip A, vs the
parameter r∗. All units are in terms of the universal horizon radius rh. It is evident that
l→∞ as r∗ → 1.
where h is the determinant of the induced metric on A˜: hab ≡ ∂aXI∂bXJGIJ , where a, b
run over the parametrizing coordinates r and y.
For the above embedding functions Eq. (4.1), variation of the area functional Eq. (4.2)
gives the equation of motion for g(r):
g′(r) =
±r2
(1− r3)√r4∗ − r4 , (4.3)
where r∗ is a constant, and we have rescaled coordinates r → rhr, y → rhy, etc. in order
to eliminate rh from the equation. The universal horizon is now at r = 1. This equation
can be analytically integrated to give g(r) in terms of elliptic-pi integrals and logarithms,
but the full form is long and unenlightening. General properties of g(r) can be understood
by looking at Eq. (4.3): the surface A˜ starts off normal to the boundary at r = 0 and then
dips into the bulk, but since g′ diverges at r∗ the surface cannot penetrate that radius, and
caps off instead. While g′ also diverges at the universal horizon, r = 1, we will only be
concerned with the class of surfaces with r∗ ≤ 1, as they can be seen to be the minimal area
surface for any size boundary strip. Implementing the boundary condition g(r = 0) = ±l
establishes a relation between r∗ and l, which is plotted in Figure (6). The surfaces for
various values of r∗ are shown in Figure (7).
Plugging in g′ given by Eq. (4.3) into the area functional Eq. (4.2) gives:
Area(A˜) = 2
∫ r∗
0
dr
∫
dy
r2∗
(r2 − r5)√r4∗ − r4 . (4.4)
The r integral diverges near r = 0 due to the infinite volume of the near boundary AdS
space. This is holographically dual to the fact that a field theory without a high energy
cut-off has an infinite area law contribution to the entanglement entropy due to modes
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r
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1
2
g(r )
Figure 7: Various bulk surfaces A˜ as determined by the embedding function x = g(r).
All units are in terms of the universal horizon radius rh. Where the different surfaces cap
off is given by their value of r∗.
located near the boundary of the strip A. The area can be regulated by subtracting off the
1/r2 divergence of the integrand in Eq. (4.4), which then gives a finite contribution to the
area of A˜, and hence the entanglement entropy of A, in terms of hypergeometric functions
of r∗.
This allows a check of our proposed formula Eq. (3.8) for holographic entanglement
entropy: the non-relativistic field theory state dual to the black hole solution Eq. (2.5)
is a finite temperature state with the same thermal properties as the black hole, given
in Eq. (2.6). Therefore, the entanglement entropy of an infinitely wide strip, l → ∞,
should reproduce the thermal entropy of the state, up to area law contributions, which are
removed by the above regulation. Examining the relation between l and r∗, it is seen that
the l → ∞ limit is the same as the r∗ → 1 limit, and l ≈ pi/(6
√
1− r∗) in this regime. In
this same limit, the regulated area of A˜ is:
Area(A˜)|Reg ≈ pi
∫
dy
3
√
1− r∗
=
2lL
r2h
, (4.5)
where we have reintroduced the length rh, which was scaled out of Eq. (4.3). The prescrip-
tion Eq. (3.8) gives the entanglement entropy for this case as7:
lim
l→∞
SHA |Reg = lim
l→∞
√
1 + βArea(A˜)|Reg
4GH
= lim
l→∞
√
1 + β2l
∫
dy
4GHr2h
= sBHArea(A), (4.6)
where we have used that 2l
∫
dy is the area of the boundary strip A. The thermal entropy
density sBH given in Eq. (2.6), as calculated from the black hole solution, is correctly re-
produced by the infinite area non-relativistic entanglement entropy. Our proposal Eq. (3.8)
for non-relativistic holographic entanglement entropy therefore passes this check.
7Recall, this black hole solutions has α = 0.
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5 Thermal nature of holographic entanglement entropy
Another check of the proposed Eq. (3.8) for holographic entanglement entropy in Horˇava
gravity is whether a first law-like relation exists between a small subsystem’s energy and
entanglement entropy, defining an effective temperature, and quantifying the amount of
quantum information contained in excitations [19]. To this end we wish to examine so-
lutions of Horˇava gravity that are asymptotically holographic: beyond the Anti-de Sitter
vacuum of general relativity, the Einstein-aether action Eq. (2.7) has the d+2-dimensional
Lifshitz vacua, for dynamical critical exponent z, given by:
ds2 = − L
2
r2z
dt2 +
L2
r2
dr2 +
L2
r2
d~x2, uM =
(
− L
rz
, 0,~0
)
, (5.1)
with L a radius of curvature and the couplings c4 = (z−1)/z, Λ = −(d+z−1)(d+z)/(2L2).
Due to the restricted symmetry of Horˇava gravity, there is an additional class of non-static
vacua that have grt = L
2/r2, with the coupling restricted to λ = −d/(d + 1), which is its
“conformal” value [20].
We are interested in spacetimes that asymptotically approach the above vacua at the
boundary r → 0. We can capture them with the ansatz:
ds2 = −L2
(
n(r)2
r2z
− r
2−2∆f(r)2n(r)2
g(r)
)
dt2 + 2L2
f(r)
r∆
drdt+ L2
g(r)
r2n(r)2
dr2 +
L2
r2
d~x2,
uM =
(
−Ln(r)
rz
, 0,~0
)
, (5.2)
where n(r) = 1+O(r), g(r) = 1+O(r), f(r) = f0+O(r), and the exponent ∆ is determined
by the coupling λ = −d(z− 1)/((∆ +d− 1)(−∆ + 1 + z)). It is unclear what cases without
∆ = 2 correspond to as they do not asymptotically approach the above vacua, but we
treat them for completeness, as our generic results are independent of ∆8. Examining the
equations of motion near the boundary r → 0, the leading solutions are9:
n(r) ≈ 1− nz+drz+d, f(r) ≈ f0(1 + nz+drz+d), g(r) ≈ 1. (5.3)
The finite energy density of this spacetime can be calculated via a Smarr-like formula
[27]. The Smarr “charge” is given by:
qSmarr ≡ z + 1
z + d− 1qΛ −
1 + z
2z
aMs
MuNχ
N +
K0
1 + β
sMχ
M +
λK
2(1 + β)
sMχ
M , (5.4)
where: qΛ ≡ −ΛL2rd
∫
drr−z−d−1
√
g(r) is a cosmological constant contribution; aM ≡
uN∇NuM ; sM is the unit spacelike vector orthogonal to uM and K0 ≡ −uMsN∇NsM
is related to its acceleration; χM is the asymptotically timelike Killing vector; and K ≡
∇MuM is the trace of the extrinsic curvature of the spatial leaves. The integral of this
8For ∆ < 0 the Lifshitz vacua are approached, and this ansatz is spontaneously breaking symmetry,
leading to a vacuum expectation value for the operator dual to grt, without a corresponding source.
9For ∆ ≤ 2.
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charge over the plane spanned by ~x gives the total mass of the spacetime [27], Mtot.
Evaluating it at the boundary r = 0 allows us to use the expansion of the metric Eq. (5.3)
which leads to an energy density:
 ≡ Mtot∫
ddx
= (1 + β)
(d− z)(z + 1)
z
Ld
8piGH
nz+d. (5.5)
We will compare the energy contained in a strip A of width l in one of the boundary
spatial directions, x1, and infinite extent in the others, with its entanglement entropy given
by Eq. (3.8). By minimizing the area of the bulk surface, A˜, anchored at the boundary of
this strip, we see that it has area:
Area(A˜) = 2Ld
∫ r∗

dr
∫
dd−1x
1
rdn(r)
√√√√ g(r)
1− r2d
r2d∗
, (5.6)
where r∗ is the deepest radius that the surface penetrates into the bulk and  is a cut-off
to regulate the infinite bulk volume as r → 0. The turning point r∗ is related to the width
of the strip l via:
l = 2
∫ r∗
0
dr
rd
rd∗n(r)
√√√√ g(r)
1− r2d
r2d∗
. (5.7)
We will now assume that the width of the strip l, and consequently its penetration
into the bulk r∗, are small. Quantitatively we will make the approximation nz+dlz+d  1.
This allows us to use the near-boundary behavior of the metric Eq. (5.3), and expand all
quantities to first order in nz+d. This gives the area:
Area(A˜) =
2Ld
d− 1
∫
dd−1x
(
1
d−1
− 2
d−1pid/2Γ
(
d+1
2d
)d
ld−1Γ
(
1
2d
)d
+
(d− 1)lz+1Γ ( 12d)z+1 Γ ( z+12d )nz+d
d2z+3piz/2Γ
(
d+1
2d
)z+1
Γ
(
3d+z+1
2d
)
)
. (5.8)
The first two terms are independent of nz+d and hence vacuum contributions. We will
therefore use the last term as the measure of entanglement entropy that the excited state
has over the vacuum. Using Eq. (3.8)10 we obtain the ratio of entanglement entropy of the
small strip to its energy:
∆SA
∆EA
=
lzΓ
(
1
2d
)z+1
Γ
(
z+1
2d
)
√
1 + β(d− z)(z + 1)d2z+1piz/2−1Γ (d+12d )z+1 Γ (3d+z+12d ) . (5.9)
This defines an (inverse) effective temperature by considering the entanglement entropy
and energy to obey a first law of thermodynamics, ∆EA = TEE∆SA: TEE ≡ c · l−z where
c is a constant independent of the size of the strip, and we see the correct scaling with l
10We have replaced the coupling c4 with its dependence on z.
– 17 –
in terms of the dynamical critical exponent z, as temperature has units of inverse time11.
We take this as further evidence that the proposal Eq. (3.8) is the correct measure of
entanglement entropy of a field theory region, and captures the universal nature of the
amount of quantum information per energy, independent of the size of the region.
6 Discussion
Entanglement entropy is a robust and useful observable for quantum theories. It is a unique
order parameter, as it is applicable to phase transitions where local observables may not
show critical behavior [3, 4]. Condensed matter physics has many such systems, and any
applicable model is a useful tool. Most of these systems have non-relativistic symmetry
groups, and therefore require models further afield than typical relativistic quantum field
theory. For example, Newton-Cartan geometry has recently been proposed to capture the
crucial symmetries of the Quantum Hall effect [13].
Non-relativistic holography is a promising tool for understanding the behavior of non-
relativistic field theories. We hope that by bringing the methods of holographic entangle-
ment entropy to Horˇava gravity we can obtain greater understanding of topological order
in non-relativistic field theories. Using a fundamentally non-relativistic duality gives us
a large class of possible well-defined holographic models; a landscape which can be ex-
plored and hopefully leads to examples of universality classes that can be realized in the
lab. Furthermore, our proposal for holographic entanglement entropy from Horˇava gravity,
Eqs. (1.6) or (3.4), is a precise statement that can be checked versus calculations directly
obtained from non-relativistic field theories.
The author would like to thank Christoph Uhlemann, Andreas Karch and Matthias
Kaminski for useful feedback in preparation of the paper.
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